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Let K be a fixed field of characteristic zero. Assume V, is a k-dimen- 
sional vector space with a non-degenerate symmetric bilinear form over K 
and let Gk = V, + K be the Jordan algebra of this form [6]. Let V= V, be 
the vector space of countable dimension over K and set G = G,. Let 
2Bk = var Gk and m = var G be the varieties of unitary Jordan algebras 
determined by the identities of the algebras Gk and G, respectively. 
The main result of this paper states that for every subvariety U of !IB the 
relatively free algebra FJ,(U) has a Hilbert (or Poincare) series which is a 
rational function. (This gives an affirmative answer to Problem No. 8.6 
stated in [2].) 
As a consequence of the method of proof, an analogous result is 
established for the variety of pairs generated by the pair (C, V), where C 
denotes the Clifford algebra of I/. 
1. PRELIMINARIES 
We first define the Hilbert series of a variety then recall results of 
Drensky and of the author to set our present work in its proper context 
and finally define Schur functions since the Hilbert series which arise in this 
paper are closely related to them. 
All algebras will be unitary. 
Let A,= K(x,, . . . . X, ) be the free associative algebra freely generated 
by xl, . . . . x, over the field K of characteristic zero. We denote by A’,+) the 
vector space A, with the Jordan multiplication a0 b = (ab + ba)/2. The 
Jordan subalgebra SJ, of AL+,+, generated by x1, . . . . x, is called a free 
special Jordan algebra. 
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Assume R = C R (n’,.--,nm) is a multigraded vector space with homogeneous 
component R’“‘~-.~~nm) of degree (n,, . . . . n,), n, 2 0. The formal power series 
H(R, ti, . . . . t,) = c dim R’“t~.~.~nm)t;~ . . tz 
n, 2 0 
is called the Hilbert (or Poincart) series of R. The free associative algebra 
A, can be graded in each one of the variables xi, . . . . x,. If M is a mul- 
tigraded subspace of A,,, the factor space R = A,/M will be equipped with 
the induced multigrading. 
The series obtained from H(R, t,, . . . . t,) by the substitution 
t,= . . . = t, = t is the Hilbert series H(R, t) of R for the total grading of R. 
Let U be the ideal of identities in SJ, which defines the variety 2I of 
unitary algebras. The relatively free algebra in U is FJ,,#) = SJ,,,/U. We 
set 
HW, t,, . . . . fm) = fW’J,nW, tl, . . . . 0 
Drensky has established in [l] that the subvarieties of the variety of 
associative, Lie, or Jordan algebras generated by the algebra of upper 
triangular matrices have rational Hilbert series. As a consequence of this 
fact a similar result is obtained for the variety of Jordan algebras ?.I& in 
[3]. The Hilbert series of the varieties !IBk are rational functions too. Their 
explicit form is found in [2, Theorem 6.1, Corollary 7.21. 
Let K[xi, . . . . x,] be the algebra of all polynomials in the commuting 
variables x,, . . . . x, and let B, be the subspace of A,,, spanned by the 
products of commutators [xi,, . ..] ... [..., xi,]. For the variety U of Jordan 
algebras we set 
where T(U) denotes the T-ideal of identities of U in SJ,,,. 
The general linear group GL, acts on the left-hand side on the algebra 
A, in the usual way. This action of GL, is carried over to FJ,(U). The 
following isomorphism of GL,-modules holds; 
FJ,,@) E BJ,(U) @ K[x,, . . . . x,]. 
Therefore according to [2, Proposition 4.11 
H(FJ,,@), t, ,..., t,)= fi (l-ti)-‘H(BJ,(U), t, ,..., t,). 
i= 1 
Assume 1= (A,, . . . . A,), A, 2 . . . 2 1,10, is a partition and let N,(I) be 
the corresponding irreducible GL,-submodule of A,,,. There exists a 
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polynomial of a special type fA in N,(1) which is called a standard 
generator of N,(A) c A, [2, Sect. 31. 
The structure of the G&-module BJ,,#B) is described in [2, Lemma 5.4, 
Theorem 5.53: BJ,(%LI) z K+x N,(l), where the sum is taken over all 
partitions A = (A,, 1,, . ..) such that I, > 0 and at most one of the integers 
4,-b, ‘.. is odd. According to [S, Corollary I.41 if N,(I) and N,(p) are 
submodules of BJ,(ZB) with standard generators fi and f,, respectively, 
and li 5 pi, i = 1, 2, . . . . then f, is a consequence of fk in BJ,(!IB). 
Assume S, is the symmetric group with the ordinary left action on the 
set of symbols { 1,2, . . . . n} and let xa = x;l. . . xz E K[x,, . . . . x,] be a 
monomial. Set w(xa) = x2(,, . . . x$, for every w E S, and let 
uor = &(X1, . ..) x,) = C sign(w) w(x’), WELT,. 
The polynomial a, is skew-symmetric: ~(a,) = sign(w) w E S,. Hence 
if ai=aj then u,=O and we can assume a,>a,> ... >a,zO. Let 
a=A+d, where ,?=(I,, . . . . I,) is a partition and 6 = (n - 1, n - 2, . . . . 
2, l,O). Therefore 
a,=a,+s=det(x~+“-j),.ijjn - . 
and the quotient s1 = sI(x,, . . . . x,) = u1+&z6 is a polynomial in x1, . . . . x, 
(the coefficients of s1 are integers). This polynomial s1 is called an 
S-function (or Schur function) in x 1, . . . . x, corresponding to the partition 1 
[7, Chap. 1, Sect. 31. 
The multigrading of the GL,-module Am is transferred to its factor 
modules D, and their Hilbert series define them up to an isomorphism. 
When D, = C u,N,(n) then 
MD,, t, 7 -.., r,) = c alsl(tl, . . . . LJ. 
The necessary notation and information about the S-functions can be 
found in [7, Chap. 1, Sects. l-51. 
The partially ordered set (P, d ) is called a partially well-ordered set if 
every subset Z-I of P has a finite number of minimal elements. 
Let P={(pl ,..., ps)IpizO, i=l,..., s, s=O,1,2 ,... } be the set of all 
finite sequences of non-negative integers. Define a partial ordering < in P 
in the following way: (pr , . . . . p,) < (ql, . . . . q,) if s s t and the sequence 
(4 1, ***, qr) has a subsequence qj,, ..;, qjs such that pi 5 qji, i = 1, . . . . s. Higman 
proved that the set P with this partial ordering is a partially well-ordered 
one [S, Theorem 4.33. 
We define a partial ordering < in the set of all partitions in the following 
way: A <p if li 5 pi for every i. We easily obtain from Higman’s theorem 
[S] that this set is partially well-ordered. Hence, for every set P of par- 
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titions, there exists a finite subset P, = {1(l), . . . . ,?(‘)) having the following 
property: if 2 E P then A(‘) d ;i for some i = 1, . . . . s. In this connection we 
give the following 
DEFINITION. (i) The set T of partitions is called an up set when I E T 
and A ,< .u implies p E T. 
(ii) The set P of partitions is called a convex set if 1, p E P implies 
that v E P for every v with A < v <p. 
Remark. The set P is a convex set if and only if there exist collections of 
integers (pii, . . . . pmi), (qii, . . . . qmi) with pji s qjj, j= 1, . . . . m, i= 1, . . . . S, such 
that every partition L = (A,, A,, . ..) satisfying pji 5 Lj 5 qji, j = 1, . . . . m, 
belongs to P and conversely. Here we allow qji = cc for some j, i in which 
case q,l= ... =qji= co. 
2. SCHUR FUNCTIONS 
THEOREM 1. Assume P is a convex set of partitions and let y = 
{yl, . . ..yn} and t= (tl, . . . . t,> be two families of variables. 
Then the formal power series 
FAY, t,=C Y?-Y%h, . . . . t,)=Cy”m, 
where the summation ranges over all I= (A,, . . . . 2,) E P, is a rational function 
in y, , . . . . y, and t, , . . . . t,. 
Proof: We use induction on n in a way similar to [7, Chap. 1, Sect. 5, 
Example 41. When n= 1 one has sl(t,) = t:l, 1= (A,) and therefore 
F,(y,, t,) =C yflt$ is the sum of a geometric progression (finite or 
infinite). 
Now we assume n > 1 and that the theorem is proved for every convex 
set when the number of the variables yi and of the variables ti is less than n. 
Set 
F,(Y, t) = 1 Y:’ . . .Y$& 7 . . . . t,), 
where the summation ranges over all ,J = (A,, . . . . A,) such that 
K = (ic,, . ..) K,) < 1. 
(i) First we shall establish that F, is a rational function. According 
to 17, Chap. 1, (5.9)] when z and t are two families of variables then 
SAG t) = 1 s&b,(t)9 
Y&l 
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here sup denotes the skew S-function (cf. [7, Chap. 1, Sect. 51). Therefore 
SA(Z,, **., ~,)=~QLkb,(~l~ ..*9 t”-l) 
(1) 
where the sum is over all p = (pI, . . . . p,) < A. But if p, > 0 then 
s,(t,, . . . . t,- r) =O and if A/p is not a horizontal strip it follows that 
s~,~( t,) = 0. Therefore the summation in (1) ranges over all partitions 
p = (P 1, ***, pn _ 1) < I such that A/p is a horizontal strip. Thus we obtain 
=; jj (Yif.)i’-“‘nfil yp’s,(t,, ***, t,-,I. 
i=l 
This sum is over all I = (A,, ,.., A,) 2 K and all p = (pI, . . . . pn- 1, 0) such 
that A/p are horizontal strips. 
Here we change the order of the summation. The conditions on 1 
and p imply that li 2 K~, i= 1, . . . . n, and furthermore that I, 2~~ 2 A,2 
p*>= ... LA,-,L pn-, 2 I,,. Therefore when we fix p, we have pi-, 2 Izi 2 
max(pi, K~) for i = 2, . . . . n and A, 2 max(p 1, K~). Hence there are n geometric 
progression sums (finite or infinite) of the form C (yit,)“8-fl~. Summing 
them we obtain 
where a = (aI, . . . . a,- r) are (n - 1)-tuples of non-negative integers, 
R, = l-I;= 2 (~~f~)~l-~’ are polynomials, and p ranges over some sets of par- 
titions P, in the second sum. The sets P, are defined from the conditions 
pi 2 ~~ or pi < K~, namely, if b = (b,, . . . . b,_ 1), bi = 0, 1 then P, consists of 
the above chosen p for which pi2 K~ if bi = 1 and pi< ICY if bi= 0. The 
integers ai are defined in the following way: ui = pi if bi = 1 and ui= ~~ if 
bi = 0, i = 2, . . . . n-l; aI=0 when b,=l and u,=K,-~~ when b,=O. 
Hence the sets P, are convex. 
By the inductive assumption these 2”-’ sums are rational functions in yi 
and in ti. Thus F,Jy, t) is a rational function. 
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(ii) Assume P is a convex set. Hence the sum in Fp(y, t) is over these 
AEP for which An+, = 0 hold. First we assume that P is defined as in the 
remark at the end of the preceding section and that s = 1. 
Let pi~;li~qr and let q,= ... =qipl=co, qi<co. Thus there are only 
finitely many admissible values for &, lli+ i, . . . . 1,. We fix &, . . . . 1,. Set 
where the sum is over all 1= (A,, . . . . 1,) with fixed Ai, . . . . II, and Ajzpj, 
j = 1, . ..) i- 1. We shall prove that F is a rational function by induction on 
n--i. When n-i=0 this follows from (i). If n-i>0 then F=F,-F,, 
where F, =x yV’s,(l) and F, = C y’s,(t); the sum in F, is over 
P = (CL, > .--9 p,J such that pj zpj, j = 1, . . . . i- 1, pizJi and pr=Iz, for r>i; 
in F, we sum over v=(vi, . . . . v,) with vjzp,,j= 1, . . . . i- 1, VizAi+ 1 and 
v,=l, for r>i. 
But F, and F, are rational functions by the inductive assumption hence 
F is a rational function too. 
In order to finish the proof of the theorem we have to examine only the 
case when P is a convex set with s > 1. We prove this case by induction 
on s. Obviously the intersection of convex sets is a convex set as well. 
Applying the Principle of Inclusion-Exclusion to the union of these convex 
sets we reduce the case to s - 1 sets. This finishes the proof. 
COROLLARY 2. Let Q be an up set of partitions. 
Then F,( y, t) is a rational function in y,, . . . . y,, t,, . . . . t,. 
Proof: We obtain the proof of Corollary from Theorem 1 immediately 
since each up set is a convex set as well. 
3. HILBERT SERIES 
In this Section we prove the main result of the paper. 
THEOREM 3. Assume U c%B is a subvariety of the variety of Jordan 
algebras with 1: ‘%I= var G. 
Then the Hilbert series H(U, t, , . . . . t,) of U is a rational function. 
Proof: As already noted it s&ices to work in the GL,-module BJ,,,. Let 
U be the ideal of all identities of U in FJ,(‘D). According to [2, 
Theorem 6.11 the series H(BJ,(m), tl, . . . . t,) is a rational function in 
t,, . ..) t,. Hence we have to establish the rationality of the series 
H(Un BJ,,,(%D), t,, . . . . t,). 
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Assume Un BJ,(‘!IB) = C N,(I), where 1 ranges over some set of par- 
titions P. Let N,(l), N,(p) c BJ,(!IB). It follows from [8, Corollary 1.41 
that if A < p then the standard generatorf, of N,(p) is a consequence off,. 
Hence if 3, E P and A < ~1 then p E P as well. By Higman’s theorem [S] there 
exists in P a finite number of partitions k(i), . . . . K(“) such that for every 13 EP 
we have IC(‘) < 1 for some i, 1 s i 5 r. 
(i) Let r= 1 and let K(~)=Ic=K(Jc~, . . .. rc,). We set 
O,(Y, 7 ..*> Y,, t1, .*‘, LJ = 2-” 1 f M,(.% YI, . . . . E, Y,, 11, ..., LJ, 
E i=l 
where the sums range over all possible m-tuples E = (aI, . . . . E,), ai = + 1 
or -1. 
Hence E,(y, t) = C y’sA(t), where the summation is over all 
I = (A,) . ..) ,l,) such that K < 2 and the integers i,, . . . . A,,, are even; likewise 
O,(y, t) = C y?,(t) and the sum is over all p = (p,, . . . . p,,,) such that IC < ~1 
and exactly one of the integers ,ul, . . . . CL,,, is odd. 
Let G,( y, t) = E,( y, t) + O,( y, t) and set y1 = . . ’ = y, = 1 in G,. We 
obtain a rational function which equals H( U n BJ,,,(ZB), ti, . . . . t,). 
(ii) Let r = 2 and let xi = max(rcj’), ki”), i = 1, . . . . m. Set K= 
(K 1, . . . . K,). Then G = G,(l) + G%(Z) - G, is a rational function. 
(iii) Assume r > 2. We complete the proof by an obvious induction 
using the Principle of Inclusion-Exclusion. 
4. WEAK IDENTITIES FOR THE PAIR (C, V) 
Let C be the Clifford algebra of the vector space V [6]. The element 
x,, . . . . x,) E A, is a weak polynomial identity for the pair (C, V) when 
ii u,, . . . . u,) = 0 for arbitrary u,, . . . . u, E V (we identify V with its canonical 
image in C). The ideal W, in A, of all weak identities for the pair (C, I’) is 
invariant under the canonical action of the general linear group GL,. 
Using weak identities one can define varieties of pairs (R, U) in a standard 
way. Here R is an associative algebra generated by its vector subspace U. 
The varieties of pairs are in one-to-one correspondence with the GL- 
invariant ideals of the free associative algebra. 
The factor algebra A,/W, is called a relatively free algebra in the 
variety of pairs determined by the identities in W,. It is proved in [4] 
that A,/W, = 1 N,(1), where the sum ranges over all partitions 
1= (A,, A,, . ..). The main result of [4] states that the ideal of all weak 
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identities of the pair (C, V) coincides with the GL-invariant ideal of 
A = A m generated by the polynomial [xi, x2]. 
According to [4] if fn and f, are standard generators of N,(1) and 
N,,,(p) in A,/W,,,, respectively, and 1 <p then f,, is a GL,-consequence 
off*. 
PROPOSITION 4. Let Z be a GL,-invariant ideal in A, and let II W,. 
Then H(A,/Z, t,, . . . . t,) is a rational function. 
Proof By [7, Chap. 1, Sect. 5, Example 41 
WL,IW,n, t,, ..-, t,) = c sAt,, . . . .t,,,) 
= ii (l-tj)-l n (l-titj)-’ 
i=l icj 
and therefore it is a rational function. Hence in order to prove the 
proposition it suffices to establish the rationality of the series 
W/W,, tl, . . . . t,). Write Z/W,,, in the form C N,(1), where 1 ranges over 
some set of partitions P. It follows from the proof of [4, Theorem 23 that if 
N,(p), N,Jv)c A,/W, and p<v then the standard generator fy is a 
consequence off,,. Hence when p E P and p < v then v E P too. Hence P is 
an up set. 
Setting yi = ... = y, = 1 in Corollary 2 we complete the proof of the 
proposition. 
Remarks. 1. The result of Proposition 4 can be restated as follows: 
For every subvariety of the variety of pairs generated by (C, V) the Hilbert 
series of the relatively free algebra is a rational function. 
2. Setting t, = I.* = t, = t in Theorem 3 and in Proposition 4 we 
obtain that the corresponding Hilbert series are rational functions. 
3. From the proof of Theorem 1 we easily establish that the 
denominators of the rational functions obtained are products of 
polynomials of the form 1 - ti, ... t,. Applying Remark 2 we obtain that the 
poles of these rational functions in one variable are roots of unity. 
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